Abstract. We embed the category of complex manifolds into the simplicial category of prestacks on the simplicial site of Stein manifolds, a prestack being a contravariant simplicial functor from the site to the category of simplicial sets. The category of prestacks carries model structures, one of them defined for the first time here, which allow us to develop holomorphic homotopy theory. More specifically, we use homotopical algebra to study lifting and extension properties of holomorphic maps, such as those given by the Oka Principle. We prove results to the effect that holomorphic maps satisfy certain versions of the Oka Principle if and only if they are fibrations in suitable model structures. We are naturally led to a simplicial, rather than a topological, approach, which is a novelty in analysis.
1. Introduction. This paper, like its predecessor [L] , is about model structures in complex analysis. Model structures are good for many things, but here we view them primarily as a tool for studying lifting and extension properties of holomorphic maps, such as those given by the Oka Principle. More precisely, model structures provide a framework for investigating two classes of holomorphic maps such that the first has the right lifting property with respect to the second and the second has the left lifting property with respect to the first in the absence of topological obstructions. (It is more useful, actually, to consider homotopy lifting properties rather than plain lifting properties.) We seek to make the maps in the first class into fibrations and those in the second class into cofibrations, with weak equivalences being understood in the topological sense. The machinery of abstract homotopy theory can then be applied.
We equip the category of Stein manifolds in a natural way with a simplicial structure and a compatible topology, turning it into a simplicial site, and embed the category of complex manifolds into the simplicial category of prestacks on this site. By a prestack we 1991 Mathematics Subject Classification. Primary: 32Q28; secondary: 18F10, 18F20, 18G30, 18G55, 32E10, 55U35.
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Typeset by A M S-T E X mean a contravariant simplicial functor from the site to the category of simplicial sets. We make use of recent work of Toën and Vezzosi [TV] , generalizing the homotopy theory of simplicial presheaves on ordinary, discrete sites to prestacks on simplicial sites. The category of prestacks carries several interesting model structures. Strengthening the main result of [L] , we show that the prestack represented by a complex manifold X is fibrant in the so-called projective structure (so X represents a stack, in the terminology of [TV] ) if and only if X satisfies what we call the weak Oka property. This means that the inclusion of the space of holomorphic maps from S to X into the space of continuous maps is a weak equivalence for every Stein manifold S, these spaces carrying the compact-open topology. By a deep theorem of Gromov [G] , this is implied by X having a geometric structure called a spray (then X is called elliptic). We generalize the weak Oka property to holomorphic maps (viewing manifolds as constant maps) and show that it is equivalent to being a projective fibration.
We introduce a new model structure on the category of prestacks on the Stein site, in a sense the smallest one in which every Stein inclusion (the inclusion into a Stein manifold of a submanifold) is a cofibration. We show that an acyclic holomorphic map is a fibration in this structure if and only if it satisfies a new, stronger Oka property; I conjecture that this holds for all maps. The new structure is cofibrantly generated, but for lack of a good set of generating acyclic cofibrations I cannot at present deal with arbitrary maps. The Oka property is defined explicitly in purely analytic terms, without reference to, but with guidance from, abstract homotopy theory; for acyclic holomorphic maps, it turns out to be simply the homotopy right lifting property with respect to all Stein inclusions. We show that the Oka property for complex manifolds is equivalent to the so-called Parametric Oka Principle with Interpolation, which is known to hold for elliptic manifolds.
Our claim, then, is that these two Oka properties, which have been studied for complex manifolds, can and should be naturally extended to holomorphic maps and that they characterize those maps that are fibrations, not in a loose sense by analogy with the familiar notion of a fibration in topology, but in a precise sense, using suitable model structures. This is partly proved here; in part, it remains conjectural. The interface between complex analysis and homotopical algebra will be explored further in future work. For more background, we refer the reader to the introduction in [L] and Forstnerič's survey [F2] .
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2. The embedding. Let M be the category of complex manifolds, second countable but not necessarily connected, and holomorphic maps. As the first step in the development of holomorphic homotopy theory, or more specifically a homotopy-theoretic study of the Oka Principle, we wish to embed M in a simplicial model category. Now M has a natural simplicial structure (enrichment over the category sSet of simplicial sets), making it a simplicial object in the category of categories with a dis-2 crete simplicial class of objects. For complex manifolds X and Y , the mapping space Hom(X, Y ) is the singular set sO(X, Y ) of the space of holomorphic maps from X to Y with the compact-open topology. Let S be the full subcategory of Stein manifolds with this simplicial structure. It is a small category, or at least equivalent to one, since a connected Stein manifold can be embedded into Euclidean space. A prestack on S (in the terminology of [TV] ) is a contravariant simplicial functor (morphism of simplicial categories) S → sSet. Let S denote the category of prestacks on S with its own natural simplicial structure (in a sense stronger than for M; see [GJ, IX.1]) .
By the simplicial Yoneda lemma [GJ, IX.1.2] , if S is an object of S and F is a prestack on S, then there is a natural isomorphism of simplicial sets
(From now on we will usually omit the subscripts.) Hence there is a simplicially full embedding of S into S, taking an object S of S to the prestack Hom(·, S) represented by S.
The embedding S → S clearly extends to a functor M → S, taking a complex manifold X to the prestack Hom(·, X) on S represented by X. This functor induces monomorphisms (injections at each level) of mapping spaces, as is easily seen by plugging in the terminal object of S, the one-point manifold p. Hence, for complex manifolds X and Y , we have a monomorphism of mapping spaces
which is an isomorphism when X is Stein, and we have a simplicial embedding of M into S. Whether the embedding is full remains to be investigated.
3. Remarks. We would like to motivate the above construction and explain why it seems to produce an appropriate setting for applying homotopical algebra in complex analysis. Yoneda embeddings provide the canonical way of closing geometric categories under limits and colimits. This is the first step in the homotopy theory of schemes, for instance; I know of no alternative. In our paper [L] , we embedded M into the category of all simplicial presheaves on S, but there is every reason to take into account the topology on our hom-sets and restrict attention to those simplicial presheaves that respect it, now that the homotopy theory of simplicial presheaves on ordinary, discrete sites has been generalized to prestacks on simplicial sites by Toën and Vezzosi [TV] . Indeed, we want a full embedding of the category of complex manifolds into a simplicial model category, at least for Stein sources, and with plain simplicial presheaves we cannot expect this. Homotopy theory gives information about simplicial hom-sets and maps between them; to apply such results in complex analysis, we need to know that simplicial hom-sets essentially equal spaces of holomorphic maps. We get this at least when the source is Stein; this has proved sufficient so far.
It would seem simpler and more natural to use presheaves of topological spaces on S rather than simplicial presheaves. The homotopy theory of the former is not available in the literature -although it could presumably be developed in a straightforward manner for a suitable locally presentable category of topological spaces, now that one such has been discovered: J. Smith's category of I-spaces -but that is not why we use the latter. The reason is that we are aiming for a model structure in which the inclusion T ֒→ S of a submanifold T in a Stein manifold S is a cofibration (this is the intermediate structure, defined below). It is appropriate, then, to require such an inclusion to induce a pointwise cofibration, so in the topological setting we would need O(X, T ) → O(X, S) to be a cofibration of topological spaces for every Stein manifold X. There are simple examples for which this fails. For instance, let S be the complex plane with a puncture, T be a one-point subset of S, and X be the complex plane with the integers removed.
is not a cofibration, not even in the weaker of the two senses considered by topologists, because the point O(X, T ) in the space A = O(X, S) does not have a neighbourhood contractible in A. Indeed, there are uncountably many homotopy classes of holomorphic maps X → S (consider winding numbers around each integer), so A has uncountably many connected components, and every nonempty open subset of A contains uncountably many of these, so it is not contractible in A. However, the induced map sO(X, T ) → sO(X, S) is a cofibration of simplicial sets, simply because it is injective at each level. Passing to singular sets somehow alleviates the difficulties associated with the compact-open topology for noncompact sources.
Thus we are, surprisingly, led to a simplicial approach, which is a novelty in analysis. Fortunately, there is often no loss involved in applying the singular functor to spaces of holomorphic maps, because the singular functor not only preserves but also reflects fibrations. For example, if A and B are spaces of holomorphic maps and A → B is a map such that the induced map sA → sB of mapping spaces is a Kan fibration, as might follow from some homotopy-theoretic arguments, then A → B itself is a Serre fibration. Also, sA → sB is a weak equivalence if and only if A → B is.
4. The projective model structures. The category S carries several interesting simplicial model structures. We begin by describing the most basic one, the coarse projective structure, originally defined by Dwyer and Kan [GJ, IX.1] . (We call it coarse because it is associated to the coarsest topology on S, that is, the trivial topology; see below.) In this structure, which is cofibrantly generated and proper, weak equivalences and fibrations are defined pointwise, so a map F → G of prestacks on S is a weak equivalence or a fibration if the component maps F (S) → G(S) are weak equivalences or fibrations of simplicial sets, respectively, for all objects S in S. In particular, a holomorphic map X → Y , viewed as a map of the prestacks represented by X and Y , is a weak equivalence or a fibration in the coarse projective structure if the induced maps O(S, X) → O(S, Y ) are weak equivalences or Serre fibrations of topological spaces, respectively, for all Stein manifolds S. Cofibrations are defined by a left lifting property. The prestacks represented 4
by Stein manifolds are both cofibrant and fibrant. Now we move to the projective structure on S, which is obtained by a left Bousfield localization of the coarse projective structure. There will be a larger class of weak equivalences, defined using a topology on the simplicial category S, turning it into a simplicial site. The cofibrations are the same as in the coarse projective structure, so they can be referred to simply as projective cofibrations. The projective fibrations are determined by a right lifting property; they form a subclass of the class of pointwise fibrations.
The category of components cS (also called, at some risk of confusion, the homotopy category) of the simplicial category S has the same objects as S, and its hom-sets are the sets of path components of the simplicial hom-sets of S. We can also obtain cS from S by identifying maps in the underlying category of S that can be joined by a string of homotopies (provided by the simplicial structure). By precomposition by the morphism S → cS, a presheaf on cS gives a presheaf on S such that equivalent maps in S induce the same restriction maps. Conversely, such a presheaf on S descends to cS. Prestacks respect the simplicial structure, so they preserve homotopies, so the homotopy presheaves of a prestack on S naturally live on cS (or, more precisely, on overcategories thereof).
A topology on S, turning it into a simplicial site (an S-site in the language of [TV] ), is a Grothendieck topology in the usual sense on the category of components cS. A map of prestacks is a weak equivalence, or acyclic, with respect to the topology, if it induces isomorphisms of homotopy sheaves in all degrees, that is, isomorphisms of the sheafifications (with respect to the given topology) of homotopy presheaves in all degrees. By a theorem of Toën and Vezzosi [TV, Thm. 3.4 .1], the projective structure on S is a cofibrantly generated, proper, simplicial model structure.
The projective structure specializes in two ways. It equals the coarse projective structure when the topology on cS is trivial. Also, when the simplicial structure on S is trivial (discrete), so cS = S, then S is an ordinary site and we obtain the well-known projective structure (sometimes called local) for simplicial presheaves on S.
The topology we shall put on the Stein site S is the "usual" topology employed in [L] , except we now view it as a topology on the category of components cS, which is obtained from the plain category of Stein manifolds and holomorphic maps by identifying holomorphic maps X → Y that are homotopic in the usual sense that they can be joined by a continuous path in O(X, Y ) with the compact-open topology. In other words,
A cover of a Stein manifold S is a family of holomorphic maps into S such that by suitably deforming each map X → S inside O(X, S), we get a family of biholomorphisms onto Stein open subsets of S which cover S. This defines a Grothendieck topology on cS.
The acyclic maps have a very simple description. First, for any map from the point p to an open ball B, the map p → B → p is the identity and the map B → p → B is homotopic to the identity through holomorphic maps keeping the image point of the 5 map p → B fixed. Hence, if F is a prestack on S, the restriction map
is a homotopy equivalence, in fact the inclusion of a strong deformation retract. Since every cover has a refinement by balls, this implies that a map F → G of prestacks on S is acyclic if and only if
Here it is crucial that prestacks respect the simplicial structure on S; this does not work for arbitrary simplicial presheaves. It follows that a holomorphic map f : X → Y of complex manifolds, viewed as a map of the prestacks represented by X and Y , is acyclic if and only if it is a topological weak equivalence, that is, a homotopy equivalence.
5. The injective model structures. We will also need the so-called injective model structures on S [TV, 3.6]. The coarse injective structure is a proper, simplicial model structure on S in which weak equivalences and cofibrations are defined pointwise and fibrations are defined by a right lifting property. In the injective structure, which is also proper and simplicial, the cofibrations are the same, weak equivalences are acyclic with respect to the chosen topology on S, and fibrations are defined by a right lifting property. Injective cofibrations are and will be referred to simply as monomorphisms.
6. A Quillen equivalence. Consider the functor P : S → S taking a prestack F to the prestack P F = Hom(s·, F (p)) and taking a map f : F → G to the map P f : P F → P G induced by the map F (p) → G(p). This functor is a projection: P • P = P . There is a natural transformation η from the identity functor on S to P : if F is a prestack and S is an object of S, the map (morphism of simplicial sets) η F (S) : F (S) → P F (S) = Hom(sS, F (p)) comes from the map sS = Hom(p, S) → Hom(F (S), F (p)) given directly by F . Here, again, it is crucial that prestacks respect the simplicial structure on S; this does not work for arbitrary simplicial presheaves. The square
commutes simply because maps of prestacks commute with restrictions. Note that the map η P F = P (η F ) : P F → P 2 F = P F is the identity. Also, η F : F → P F is acyclic, since η F (p) is the identity. The pair P , η is a key element of the structure of S and plays an important role in our theory.
If A is a simplicial set, letÃ denote the constant prestack withÃ(S) = A for each S in S and with all restriction maps equal to the identity. Define a functor R : sSet → S by RA = PÃ = Hom(s·, A). A map f from a prestack F to RA factors as
so f is determined by P f , which is induced by the map F (p) → RA(p) = A. Hence, we have a pair of adjoint functors
with a natural bijection hom S (F, RA) ∼ = hom sSet (LF, A)
for every prestack F on S and every simplicial set A. We know that a map F → RA is acyclic if and only if the corresponding map LF → A is. Also, it is clear that L takes monomorphisms to cofibrations. Hence, (L, R) is a pair of Quillen equivalences between the category of simplicial sets and the category of prestacks on S with the projective structure or the injective structure [H, 8.5] . Such a pair induces equivalences of homotopy categories, so the homotopy category of S is the ordinary homotopy category of simplical sets or topological spaces. It also follows that R takes fibrations of simplicial sets to injective fibrations; in particular, if K is a fibrant simplicial set (a Kan complex), then the prestack Hom(s·, K) is injectively fibrant. Hence, if X is a complex manifold, so η X : X → P X is a monomorphism, then η X is an injectively cofibrant fibrant model for X.
7. Projective fibrations. The projective structure is the left Bousfield localization of the coarse projective structure on S with respect to the class of acyclic maps of prestacks. The theory of the left Bousfield localization provides a useful characterization of projective fibrations.
Let f : F → G be a pointwise fibration of prestacks such that F (p) and G(p) are fibrant, so P F and P G are injectively and hence projectively fibrant. Then the square H, 3.2.16] . The map f is a projective fibration if and only if this square is a homotopy pullback in the coarse projective structure [H, 3.4.8] . This means that the natural map from F to the homotopy pullback of G → P G ← P F is pointwise acyclic. Since F (p) → G(p) is a fibration, P f is a pointwise fibration, so the homotopy pullback is naturally pointwise weakly equivalent to the ordinary pullback (taken pointwise). In summary, a map F → G of pointwise fibrant prestacks is a projective fibration if and only if it is a pointwise fibration and the induced map F → G × P G P F is pointwise acylic. In particular, a prestack F is projectively fibrant if and only if it is pointwise fibrant and η F is pointwise acyclic. 7
8. Stacks on the Stein site and the weak Oka property. A pointwise fibrant prestack on the simplicial site S is called, in the language of [TV] , a stack on S (with respect to the chosen topology) if it is projectively fibrant. Loosely speaking, this is a "homotopy sheaf condition", with the limits in the usual sheaf condition replaced by homotopy limits. The sheaf condition is not really relevant here; indeed, the prestacks and the topology live on different categories (S and cS, respectively), so we will not be talking about a prestack being a sheaf in the usual sense. We say that a complex manifold X satisfies the weak Oka property, or that X is weakly Oka, if the inclusion map O(S, X) ֒→ C(S, X) is a weak equivalence for all Stein manifolds S, where the spaces of holomorphic and continuous maps from S to X carry the compact-open topology. The main result of [L] characterizes the weak Oka property (there called the Oka-Grauert property) in terms of excision; the following theorem, using a better model structure, is more to the point.
9. Theorem. A complex manifold is weakly Oka if and only if it represents a stack on the Stein site.
Proof. A prestack F is projectively fibrant if and only if it is pointwise fibrant and the map η F : F → P F is pointwise acyclic. If F is represented by a complex manifold X, so it is pointwise fibrant, this means that the map from F (S) = sO(S, X) to P F (S) = Hom(sS, sX) = sC(|sS|, X) is acyclic for every Stein manifold S. Since P F (S) is homotopy equivalent to sC(S, X), this is nothing but the weak Oka property.
It is an interesting open question whether the inclusions O(S, X) ֒→ C(S, X) have functorial homotopy inverses when X is weakly Oka. Since the spaces in question are not known to be cofibrant, even the existence of pointwise homotopy inverses is not clear [L, Thm. 2.2 ], but it is in the simplicial setting, so we ask whether the pointwise homotopy equivalence η X : X → P X is in fact a simplicial homotopy equivalence of prestacks. This would follow if η X was not only a monomorphism but actually a projective cofibration [H, 9.6.5] , that is, if P X was a cofibrant fibrant model for X not only in the injective structure but also in the projective structure.
10. The weak Oka property for maps. Let us generalize the above discussion from objects to arrows. We say that a holomorphic map f : X → Y satisfies the weak Oka property, or that f is weakly Oka, if
for every Stein manifold S.
In particular, if f : X → Y is weakly Oka, then every continuous map h from a Stein manifold to X such that f • h is holomorphic can be continuously deformed through such maps to a holomorphic map. Clearly, a complex manifold X is weakly Oka if and only if the constant map X → p is weakly Oka. 8
11. Theorem. A holomorphic map is weakly Oka if and only if it is a projective fibration.
Proof. A holomorphic map f : X → Y is a projective fibration if and only if it is a pointwise fibration, meaning that the induced map O(S, X) → O(S, Y ) is a Serre fibration for every Stein manifold S, and the induced map X → Y × P Y P X is pointwise acyclic, which is equivalent to the map
being acylic for every Stein manifold S. Finally, the space on the right is the space of continuous maps h : S → X such that f • h is holomorphic.
12. The intermediate model structure. We now introduce a new simplicial model structure on S, in between the projective and injective structures in the sense that it has fewer fibrations than the projective structure and more fibrations than the injective structure; for cofibrations it is the other way around. The weak equivalences are the same: the maps that are acyclic with respect to the chosen topology on S.
By a Stein inclusion we mean the inclusion T ֒→ S of a submanifold T in a Stein manifold S (then T is also Stein). Let the set C 0 consist of all Stein inclusions, viewed as monomorphisms in S, along with the standard generating cofibrations S×∂∆ n → S×∆ n , where S is a Stein manifold and n ≥ 0, for the projective structure. Form a set C by adding to C 0 the monomorphisms
for each A → B in C 0 and each n ≥ 1. (By Axiom SM7, if A → B is a projective cofibration, then so is this map.) Let C be the saturation of C, that is, the smallest class of maps in S which contains C and is closed under pushouts, retracts, and transfinite compositions. The maps in C are called intermediate cofibrations; they are retracts of transfinite compositions of pushouts of maps in C. An intermediate fibration is a map with the right lifting property with respect to all acyclic intermediate cofibrations.
The idea of an intermediate structure in which Stein inclusions would be cofibrations came up in a discussion with Rick Jardine, who subsequently showed me how to obtain such a structure and later wrote up a proof in [J] , which we follow below. The argument for a simplicial site is the same as for the special case of a discrete site, treated in [J] . Later, I learned that one can show that the intermediate structure exists and, moreover, is cofibrantly generated, using a very general argument due to T. Beke and J. Smith [B, Thm. 1.7] , based solely on S being locally presentable and the class of weak equivalences being accessible. 9
13. Theorem. There is a proper, simplicial model structure on S, called the intermediate structure, with cofibrations, fibrations, and weak equivalences defined as above.
Proof. Consider factorization first. Since S is locally presentable, a standard small object argument shows that a map X → Y of prestacks can be factored as X j − → Z p − → Y , where j is in C and p has the right lifting property with respect to every map in C, so p is an acyclic intermediate fibration (note that we do not know the converse of this yet).
For the other factorization, we make use of the injective structure to factor X → Y as X 
Hence, p is a retract of q, so p also has the right lifting property with respect to every map in C. The remaining three axioms for a model structure are clear. Right properness follows from right properness of the injective structure, and left properness follows from left properness of the projective structure. Finally, Axiom SM7, relating the simplicial structure and the model structure, may be verified using [GJ, II.3.12 ].
14. The three structures are different. Two simple examples show that the projective, intermediate, and injective model structures on S are all different. First consider the unit disc D (or rather the prestack on S it represents). Since D is holomorphically contractible, it is projectively fibrant by Theorem 9. On the other hand, by Liouville's Theorem, the inclusion {0, The complex plane C is projectively fibrant for the same reason that D is. Since C is elliptic, it is intermediately fibrant by Corollary 20. However, C is not injectively fibrant; in fact, no nondiscrete complex manifold X is. The inclusion of D into the disc of radius two is a pointwise acyclic monomorphism, but there are many holomorphic maps D → X that do not factor through it, so X is not even coarsely injectively fibrant. 10
15. Intermediate fibrancy and the Oka property. We would now like to relate intermediate fibrancy to a stronger Oka property. We say that a holomorphic map f : X → Y is Oka if for every Stein inclusion j : T ֒→ S, is a Serre fibration and (2) the inclusion O(S, X) ֒→ {h ∈ C(S, X) : f • h ∈ O(S, Y )} is acyclic. Observe that the target of (j * , f * ) is the space of commuting squares of holomorphic maps in which the map on the left is j and the map on the right is f . The fibre over such a square is its set of liftings. Taking T = ∅ gives the weak Oka property.
Note that biholomorphisms are Oka. Also, Oka maps have the closure properties that fibrations are supposed to have: a holomorphic map is Oka if it is the composition of Oka maps, or a pullback or a retract of an Oka map. Furthermore, the Oka condition with the Stein inclusion ∅ ֒→ p implies that an Oka map is a Serre fibration, so its image is a union of connected components of the target.
A complex manifold X is said to be Oka if the constant map X → p is Oka, that is, X is weakly Oka and the restriction map O(S, X) → O(T, X) is a Serre fibration for every Stein inclusion T ֒→ S. Below we show that this is equivalent to X satisfying the so-called Parametric Oka Principle with Interpolation. Note that the product of Oka manifolds is Oka. Also, if a holomorphic fibre bundle is Oka, then its fibre is Oka. The converse is clear for a trivial bundle, but for an arbitrary bundle it is an interesting open question. Proposition 21 gives an affirmative answer in the special case of a discrete fibre.
The Oka property includes a version of Axiom SM7. Next we show that a stronger version follows.
